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Abstract 

The notion of left (resp. right) regular object of a tensor C*-category 
equipped with a faithful tensor functor into the category of Hilbert spaces 
is introduced. If such a category has a left (resp. right) regular object, 
it can be interpreted as a category of corepresentations (resp. representa- 
tions) of some multiplicative unitary. A regular object is an object of the 
category which is at the same time left and right regular in a coherent way. 
A category with a regular object is endowed with an associated standard 
braided symmetry. 

Conjugation is discussed in the context of multiplicative unitaries and 
their associated Hopf C*-algebras. It is shown that the conjugate of a left 
regular object is a right regular object in the same category. Furthermore 
the representation category of a locally compact quantum group has a 
conjugation. The associated multiplicative unitary is a regular object in 
that category. 
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1 Introduction 

In this paper we look at the theory of multipUcative unitaries from the stand- 
point of their categories of representations and corepresentations. As is well 
known, multiplicative unitaries just express the fundamental property of the 
regular representation. Our approach therefore starts with a tensor category 
which may be thought of as the tensor category of (unitary) representations of 
some quantum group. It is regarded as a concrete category in the sense that 
it is equipped with a faithful tensor functor into the tensor category of Hilbert 
spaces. Once this tensor category has a "regular object" we will see that it allows 
an interpretation as a category of representations of a multiplicative unitary and 
at the same time as a category of corepresentations of another multiplicative 
unitary. It is instructive to compare this result with the Tannaka-Krein duality 
theorem or perhaps better with Woronowicz's duality theorem In fact, our 
result starts with an embedded tensor category and constructs a multiplicative 
unitary and hence, if the multiplicative unitary is regular, two Hopf C*-algebras 
However, by requiring the existence of a regular object, we are imposing a 
restriction that may not be easy to verify in practice and presupposes what a 
good duality theorem should prove. In fact, our result is close in spirit to Tatsu- 



uma's duality theorem for locally compact groups 1 14 where the group elements 
are identified in the regular representation using the multiplicative unitary. 

Another aspect of the representation theory of multiplicative unitaries that 
has not received the attention it deserves is the conjugation structure. We 
work here with multiplicative unitaries arising as the left regular representa- 
tions of locally compact quantum groups. These are left regular objects in the 
category of corepresentations and we show that there is a canonical choice of 
conjugate which is a right regular object. In fact, the multiplicative unitary 
of a locally compact quantum group is a regular object in its representation 
category. Furthermore, we define the conjugate of any corepresentation up to 
unitary equivalence and the corresponding antilincar involution on intcrtwiners. 
This forms the subject matter of Section 5. 

In this paper we prefer to work with strictly associative tensor products and 
a simple way of achieving this is to use as the underlying Hilbert spaces the 
Hilbert spaces in some fixed von Neumann algebra since these are objects in a 
strict tensor W^*-category. We will be concerned here with the representation 
categories of multiplicative unitaries and recall the basic definitions from . If 
K is such a Hilbert space then a unitary V on the tensor square is said to 
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be multiplicative if 

Vi2Vi3y23 = V23V12, 

where we use the usual convention regarding indices and tensor products. A 
representation of F on a Hilbert space _ff is a unitary W £ {HK, HK) such 
that 

1^121^13^23=^^231^12, On H . 

If W and W are representations of ^ on and H' respectively, we say that 
T G {H, H') intertwines W and W and write T e {W, W) if T x IkW = 
W'T X 1^'. We define the tensor product of W and W to be the representation 
W X W' on HH' given by W x W' := W13W23. The usual tensor product of 
intcrtwiners is again an intcrtwiner and in this way we get a strict tensor W*- 
category ^{V) of representations of V. In fact this assertion does not depend 
on V being multiplicative. When it is then V itself is a representation of V 
called the regular representation. 

A corepresentation of y on is a unitary W G {KH, KH) such that 

142^^131^23 = 1^231^2 On H . 

If W and W' are corepresentations on H and H' respectively, we say that 
T e (H, H') intertwines W and W and write T e {W, W) if Ik x TW = 
W'Ik X T. The tensor product W x W' of corepresentations is defined by 
W X W' := Wi2W[^. Just as in the case of representations we get a strict 
tensor Vl^* -category now denoted by Q{V). li ■& = '&k,k denotes the flip on 
then dV*d is again a multiplicative unitary and the mapping W 1-^ W := 
'&H,KW*'dK.H defines a 1-1 correspondence between representations of V and 
corepresentations oii^V*^. However, it does not define an isomorphism of tensor 
Vl^*-categories since WxW' 1-^ W{^Wi2 and so leads to an alternative definition 
of the tensor product of corepresentations. In fact the two expressions for the 
tensor product will be equal if and only if ^w,W' G (11^ x 11^', 11^' x 11^), cf. Prop. 
2.5 in (l|. 

2 Regular Objects and Multiplicative Unitaries 

The main aim of this section will be to provide characterizations of categories 
of representations and corepresentations of multiplicative unitaries and in par- 
ticular to study tensor categories which are simultaneously a tensor category 
of representations of a multiplicative unitary and of corepresentations of some 
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(other) multiplicative unitary. The main idea is to replace the notion of mul- 
tiplicative unitary by that of regular object. Thus multiplicative unitarics are 
seen as intertwining operators, taking us back to the origins of the theory. They 
arc therefore seen not as determining a category of representations or corcp- 
resentations but as being a structural element in some tensor category. This 
helps us to understand the degree to which they are not unique and to see the 
tensor categories that are simultaneously a category of representations and a 
category of corepresentations as being tensor categories with a left and right 
regular object. 

Here is our motivating example. Let J{ denote the strict tensor M^*-category 
of Hilbert spaces in a von Neumann algebra M and its unique permutation 
symmetry. Let K be an object of !K and V a multiplicative unitary on K^. 
We let Oi{V) and G{V) be the tensor V1^*-categories of representations and 
corepresentations of V on Hilbert spaces of !K. These are to be considered as 
equipped with the forgetful functor l into "K itself, regarded as the subcategory 
of trivial representations or corepresentations. Thus t is an idempotent tensor 
*-functor. 

We now ask the following question: when can a strict tensor M^*-category T 
equipped with a faithful idempotent tensor *-functor Lr ■= t onto a tensor W*- 
subcategory of Hilbert spaces be interpreted as a category of representations or 
corepresentations of a multiplicative unitary? Note that '&h,h' is an intertwining 
operator in 5i{V) for a tensor product of representations W on H and W on H' 
whenever either W or W' is a trivial representation. Any full tensor subcategory 
7 of Oi{V) containing the regular representation V has the striking property that 
for any object W, W x V is a, possibly infinite, direct sum of copies of V but 
more is true: we set riw := W G {W x V,l{W) x V) then r] e {R,Ri), where 
R denotes the functor of tensoring on the right by V, is a natural unitary 
transformation such that 

rjwxw = {'nw)i3°'i-w xvw, (2.1) 

for each pair W, W of objects of T. 

To formalize the essential aspects of the above situation we consider a strict 
tensor VF*-category 7 equipped with a faithful idempotent tensor *-functor 
L-j := L. The tensor subcategory i(T) is equipped with a (permutation) symme- 
try We further suppose that given objects W and W of T there are arrows 
^WAW) &{W X l{W'),l{W') X W) and d,^w),w' & (i-iW) x W',W' x l{W)), 
necessarily unique, whose image under t is '&i{w),i{W')- We call a right regular 
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object of T a pair (V, 77) consisting of an object F of T and a unitary natural 

transformation r] S {R,Rl), where R denotes the functor of tcnsoring on the 
right by V, satisfying (2.1) above for each pair W,W' of objects of T. Here 
{riw)i3 is to be understood as l,(w) x '^v.l(W') ° Vw x ^u(w') o x '^l{w'),v- 
(2.1) implies that rj evaluated on the tensor unit C is Ic- 

The following result now provides an answer to the above question. 
2.1 Theorem Any tensor W* -category equipped with a faithful idempotent 
tensor * -functor into a tensor subcategory of Hilbert spaces and with a right 
regular object is isomorphic to a tensor * -subcategory of Oi{V) for some multi- 
plicative unitary V. 

Proof. Let J] demote a natural transformation in {R, Rl) making an object 

V into a right regular object then birjw) is a unitary for each object W. If 
T G {W,W') then the naturality of -q shows that l(T) intertwines i{riw) and 
'■(^w)' once we know that these are representations of i{r]v)- In particular, 
taking r]w as T, naturality gives 

i{riw) X ly o riWy.V = Tli.{W)xV o '7W X Iv- (2.2) 

Equation (2.1) tells us that the tensor product in the category corresponds to 
the tensor product of representations. Bearing this in mind, (2.2) tells us that 
i{'qw) is a representation of i(?7y) and the particular case W = V tells us that 
L{rjv) is indeed a multiplicative unitary. 

The notion of multiplicative unitary and Theorem 2.1 can be easily gener- 
alized replacing a multiplicative unitary on a Hilbert space by a multiplicative 
invertible in a monoidal category. We refrain from spelling this out to keep a 
uniform setting for this paper. 

Notice that the isomorphism in question is even canonical, given 77, and 
commiites with l. But there are several other comments to be made about 
this result. First, (2.2) has the structure of an associative law: it equates two 
ways of passing from RR to RlRl. Secondly, there is an analogous result for 
corepresentations. We define a notion of left regular object by dualizing in T 
with respect to the composition law x . Our category T is isomorphic to a tensor 
subcategory of the category of corepresentations of a multiplicative unitary if 
it admits a left regular object. If ^ denotes a natural transformation rendering 

V a left regular object (^, V), then the unitary associated with an object W is 
''(CvF )• The appearance of an inverse here is just an artefact of conventions. 

One might have thought of basing a definition of right regular object on a 
different familiar property of the regular representation, namely that W x V 
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is a, possibly infinite, direct sum of copies of V for each object W of T. This 
property is too weak in that it does not imply the coherence properties of the 
previous definition and furthermore puts an unwanted emphasis on the notion 
of infinite direct sum. In fact, our definition implies the second property once 
we specify, as we now do, that t(T) is just a category of Hilbert spaces, i.e. a 
(strict) tensor T4^*-category with unit reducing to the complex numbers where 
every object is a (possibly infinite) direct sum of the unit. Since t{W) is a direct 
sum of copies of the unit C, x F ~ i-iW) x V is a. direct sum of copies of 
V. Note that if V,- is right regular and Vi is left regular then Vi x Vr is a direct 
sum of copies of both Vg and Vr- It follows that, if we have both a left and 
a right regular object, then these objects are unique up to quasiequivalence in 
the VF*-category in question. In a cr-finite I1^*-category a left or right regular 
object with infinite multiplicity will then be unique up to unitary equivalence. 

The following variant on the definition of a right regular object is worth 
noting. Consider a tensor Vr*-category T and unit C, but where the endofunctor 
L is not a priori defined. Suppose for each object W , there is an imitary arrow 
r]w & {W X V, l{W) X V) such that l{W) is a (possibly infinite) direct sum of 
the tensor unit. Suppose (2.1) holds and 

rjw'oTxlvo r?-i e {t{W'), i{W)) x ly, T e {W, W). 

Then setting l{T) := r/w' o T x ly o rj^, we get a tensor *-endofunctor from T 
into a tensor subcategory of Hilbert spaces. If = ^l(w)xv for each object 

W oi 7, L is even idcmpotcnt. This illustrates the role of (2.1) in guaranteeing 
that a tensor H^*-category can be embedded into a tensor category of Hilbert 
spaces. 

We now make some further remarks on the notion of regular object, sup- 
posing for the moment that our category 7 has sufficient irreducibles in the 
sense that every object is a (possibly infinite) direct sum of irreducibles and T 
is closed under finite direct sums. Suppose further that the full subcategory 7f 
whose objects arc finite direct sums of irreducibles is a tensor siibcategory and 
that Lw is finite dimensional for each irreducible W. A dimension function d 
on 7f assigns to each object W of 1/ a d{W) G R+ such that 

d{W © W) = d{W) + d{W'), 

d{W X W) = d{W)d{W'). 

Note that if F : T/ — > 7'f is a tensor *-functor and d' is a dimension function 
on 7'f, then o d' is a dimension function on 7f. Thus, our category 7f has an 
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integer-valued dimension function induced by the tensor *-functor l from the 
Hilbert space dimensions. If 7f has conjugates, then there is another dimension 
function, not necessarily integer-valued, given intrinsically by its structure as a 
tensor C*-category Let I be an index set labelling the equivalence classes 
of irreducibles and Wi an irreducible of class i G I. Then a simple computation 
shows that if d is a dimension function and dt :— d{Wi) then 

djdk = ^ rnl-di, ij, k E I, 

i 

where m|,j denotes the dimension of {Wi, Wj x Wk)- Thus the dimension func- 
tion, which is determined by the di, i I, gives an eigenvector with positive 
entries of the matrix corresponding to the eigenvalue dj and simultaneously 
an eigenvector of with eigenvalue dk- Conversely, any such simultaneous 
eigenvalue does arise in this way. Suppose that F is a left regular object of 7 
such that {W, V) is finite dimensional for each irreducible W and hence for each 
object W oi7f. Let Vi be the dimension of {Wi, V) and let d{W) be defined so 
that V X W is a direct sum of d{W) copies of V. Then d is an integer-valued 
dimension function and 

k 

The case of a right regular object can be treated similarly. If 7f has conjugates 
then we have a corresponding involution i i—> i on I and 

m)k = = "^fr 

If d is a dimension function, there is a conjugate dimension function d such 
that d{W) = d{W) for each object W of T/. The interesting dimension func- 
tions, such as the intrinsic dimension function of a tensor C*-category with 
conjugates [p^, are self-conjugate. 

Now, there is another natural transformation implicitly involved in (2.1), 
namely, 9 e Ll), defined by 

Ow '^l{W),V- 

This brings us to the concept of braided symmetry, developed in the Appendix 
of 1^. Let e be a braided symmetry relative to a left regular object V of T. 
Thus e is a unitary natural transformation from the functor R of tensoring on 
the right by V to the functor L of tensoring on the left by V such that 
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Note that £i(w) = '>^i,{w),v = ^w- Since V y.W \s just a multiple of V and the 
functor L is faithful, ew is uniquely determined by ey using 

svxw — £v o ly X ^w- 

The index notation for tensor products will now be taken to refer to the braided 
symmetry. This is consistent with its use in (2.1). Using the braided symmetry, 
we get a unitary natural transformation r] from R to Rl defined by 

where ^ is the unitary natural transformation from L to Ll making V into a 
left regular object. We ask whether r] makes V into a right regular object. This 
question is addressed in the following results. 

2.2 Proposition Let (^, V) be a left regular object of 7. The braided symme- 
tries £ for T relative to V are in 1 — 1 correspondence with invertible natural 
transformations r] from R to Rl such that 

VWxW = {^W')32{'nw)l3{^W'h2{VW')23 ■ (2.3) 

e and t] are related by 

= ^w^wVw ■ (2.4) 

Proof. Given e, equation (2.4) defines a natural unitary transformation r] and 
(2.3) follows by direct computation. Conversely, given rj, equation (2.4) defines 
a natural unitary transformation s which is a braided symmetry by virtue of 
(2.3). 

If we take the images under l of the terms in (2.3) then the computation 
leading to (2.3) can be modified to show that the analogous identity holds with 
the tensor product notation now referring to the permutation of Hilbert spaces. 
Note, too, that (2.3) can be used to compute rj in terms of ijv- 

2.3 Theorem Given functors L and R of tensoring on the left and right, respec- 
tively, by an object VofJ and invertible natural transformations ^ G {L, Lu), 
T] e {R,Rb) and e G {R,L) such that = Or], consider the following four 
conditions: 

a) (^, V) is a left regular object, 

b) {V, rj) is a right regular object. 
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c) £ is a braided symmetry relative to V, 

d) -qw X 1<,(W) o IvK X £,W' — lt(w) X S,w' ° Vw X Ivf', &>r eaci pair W^, VF' of 

objects of 7. 

Then any three of these conditions imply the fourth. 

Proof. We see from Proposition 2.2 that given a) and c), b) is equivalent to 
requiring that each pair (r]w)i3 and {^w')32 commute. Interchanging 2 and 
3 using the braided symmetry, we see that, given a) and c), b) and d) are 
equivalent. Similarly, given b) and c), a) and d) are equivalent. It remains to 
show that a), b) and d) imply c). However, given a), b) and d), (2.3) follows 
from (2.1), since d) implies that (t?vk)i3 and {^w')32 commute. Thus e is a 
braided symmetry, completing the proof. 

An alternative way of proving the above theorem is by arguing in terms of a 
diagram with ten vertices, where the conditions a), b), c) and d) are expressed 
as the commutativity of subdiagrams. The reader is urged to draw the diagram 
for himself. Begin with an outer square whose sides are used as an hypotenuese 
for the conditions on 77, ^, e and 9 respectively with d) as a rhombus in the 
middle of the square. 

We may also strengthen one of the implications in the above theorem. 

2.4 Lemma Under the hypotheses of Theorem 2.3, the conditions a), b) and 
d') Vv X olv x^v = x o r^y x 1^ 

imply that e is a braided symmetry. 

The necessary computations can be found in the proof of Theorem A. 2 in 
. This proof can be rewritten entirely in terms of compositions in the tensor 
category T and this is recommended to the reader as an exercise. The compu- 
tations also show that a), c) and d) with V in place of W' imply b) and that 
b), c) and d) with V in place of W imply a). 

We will refer to a braided symmetry fulfilling the conditions of Theorem 2.3 
as being a standard braided symmetry. In the presence of a standard braided 
symmetry we have an object which is at the same time a left and right regular 
object in a coherent way in that it fulfills d) of Theorem 2.3. We call such 
an object a regular object. Under these circumstances we have the following 
corollary of Theorem 2.1. 

2.5 Corollary A tensor W* -category equipped with a faithful idempotent ten- 
sor * -functor into a tensor subcategory of Hilbert spaces and with a regular 
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object {^,V,r]) is isomorphic to a tensor subcategory of both !R{t{riv)) and 
Q{l{^v)~^)- There is an associated standard braided symmetry given by (2.4). 

In particular, if a multiplicative unitary V considered as a corepresentation 
and hence a left regular object in G{V) is even a right regular object, there is a 
multiplicative unitary V on the same Hilbert space such that C(V") is canonically 
isomorphic as a tensor W^*-category to a tensor *-subcategory of '3i{V). We do 
not know when the image coincides with 51{V). 

Given a left regular object V of 7, we would like to analyse in how many 
different ways we may choose r] and s so as to fulfill the conditions of Theorem 

2.3. Of course e determines r] uniquely so our question amounts to parametrizing 
the standard braided symmetries relative to V. It is convenient to rephrase 
this problem in terms of the associated natural transformations (Prop. 2.2). 
In the remark following Proposition 2.2, we have noted that any such natural 
transformation is uniquely determined by its value in V. Therefore we first 
consider the situation where T is G{V)v, the full tensor subcategory of G{V) 
generated by V. 

2.6 Lemma Let ^ be the natural unitary transformation from L to Li making 

V into a left regular object of G{V)v, and let r]v be a unitary operator on the 
Hilbert space ofV. Then there is a natural unitary transformation rj from 
R to Ri taking the value rjv at V and defining a standard braided symmetry s 
on C{V)y if and only if rjv satisfies 

a) W X l^(y) oly x^v = X o W X , 

h)'nvoTxlv = t{T)xlvor]v, T € {V,V), 

c) riv&{V><^t{V)xV), 

d) l{(v) X ly o (77^)13 oly xr]v = {r]v)i3 ° S,v 'x ly- 

Proof. If T] is the natural unitary transformation associated with the standard 
braided symmetry e then, by Proposition 2.2, 77 e {R,Rt), thus, evaluating in 
V, we get c); a) is a special case of d) in Theorem 2.3. Since r] is natural, 
given any pair W, W G e{V)v and any T e {W,W'), l{T) x ly o rjw = 
Tjw' oT X ly, thus choosing W = W = V we obtain b). On the other hand 

V G {V X l{V),V^'^), therefore, as t] makes V into a right regular object, 
d) follows from the naturality of rj. Conversely, by virtue of a) and Lemma 

2.4, it suffices to show that rjvxr := {•i]v)ir+i ■ ■ ■ {ilv)rr+i is a natural unitary 
transformation from R to Rl making V into a right regular object. It is easy to 
see that c) yields jjyxr e {V^^x V, l{V^'^) x V), and we must show the naturality 
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ofr;, i.e. that for any T e (y^^^^^), rjyxsoTxlv = /-(T) x ly ory^xr. We note 
that if this relation holds for r+l and s + 1 then it holds for r and s as well, since 
(yx-r^yxs-^ embeds in (yx-r+i yx-s+i-^ ^j^^ Therefore, it suffices to assume 
r, s sufficiently large. Now by b) the relation holds for r = s = 1. We regard the 
Hilbert space K of the corepresentation y as a space of bounded linear operators 
from K to by letting the elements of K act by tensoring on the left. By the 
multiplicativity of V, Vi3k,kK is a Hilbert space K of intertwiners of C{V)y 
contained in (V, V^^) and property d) shows that the desired relation holds for 
elements of K. For s > 2, on the other hand, is generated as a 

weakly closed subspace of {K"^, i^") by elements of the form ip x lys-2 oT, with 
T E (y^^ ,V^'^^^) and tp E K. The relations therefore hold for a generating 
set of intertwiners in G{V)v, and hence for all the intertwiners, completing the 
proof. 

It emerges from the proof that property d) has the role of ensuring the 
naturality of rj for elements of the Hilbert space K C {V,V^'^). K could be 
replaced by any other Hilbert space with support / in {V,V^'^). Choosing 
K r]y^ K amounts to replacing d) by 

d') rjy is a multiplicative unitary on K^. 
Furthermore, we note that b) characterizes the elements of {V,V) C {K,K). 
Indeed, if T e {K, K) satisfies ?7v o T x ly = T x ly o yyy then by c) T x ly = 

r/y* O T X ly O r^y e (\/x2, X/X2)^ SO T E {V, V). 

To parametrize the standard braided symmetries, we shall need two further 
notions: let W be an object of QiV) acting on H and set 

Gw ■■= {U E U(H) : TU'"'' = U'^'T , T E {W'"', W')} . 

2.7 Proposition IfV is the regular corepresentation then Gy = {U E (V, V)' : 

S{U) := VU X lyV-^ = U xU} . 

Proof. U eGv implies (5(C/) = UxU since V E (Vxty, T^x V") and [/ e {¥,¥)'. 
For the converse, note that the above two conditions suffice to conclude that 
U E Gv by the fundamental property of the regular corepresentation. 

We regard the dual multiplicative unitary :— "0 k.k^~'^'& k,k as a left 
regular object of QiV^). We call V weakly irreducible if {V, V) n [V^, V^) = CI. 
If V is irreducible in the sense of |jl| then it is weakly irreducible. 

2.8 Theorem Let V be a weakly irreducible multiplicative unitary, and let 
rj, f) E {R, Rl) be natural unitary transformations defining standard braided 
symmetries on G{V)v- Then there is a unique unitary U E Gy such that 
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fiv — U X ly o rjv ■ Conversely, given any unitary U € Gy a,nd any natural 
transformation rj as above there is a unique fj such that fiy — U x ly o r]v ■ 

Proof. Let 77 and fj define standard braided symmetries on C{V)y. By virtue 
of the commutation relation a) of Lemma 2.6, for any lu G {K, K)^, lu (g) L-{'>]y) o 
V = V o u! ^ t'ivv), therefore oj ® t-{i]y) £ {V^^^V^). On the other hand, by 
c) of the same lemma, fjyrjy^^ e (''(^) x ^I'-l^) x V) ^ (iy,iy) ® {V,V), 
so f]yriy~^ e {K,K) ® {V,V) n {V^^V^) = iK,K) ® CI since V is weakly 
irreducible. Now, by b), i ® uj{rjy) E {V,Vy, so both rjy, fjy, and therefore 
f]yr]y-^ belong to {V,V)' ® {K,K). We conclude that there is a C/ G {V,V)' 
with fjy = U X lyrjy. Finally, comparing d) for rjy and 77^, we conclude that 
U satifies V oU x ly ^ U x U oV, i.e. t/ £ Gy. 

Conversely, a straightforward computation shows that any unitary of the 
form fly := U X lyr]y, with U G Gy, satisfies the properties stated in the 
previous lemma. 

2.9 Lemma Let V be a multiplicative unitary and rjy a unitary operator on 
satisfying properties a) and c) of Lemma 2.6. IfV is regular in the sense of 
then the algebra generated by {V, V) and (V^, V^) acts irreducibly on K. 

Proof. For any pair and of elements of K we may write 

ip* X lyV-dip X ly = ^V'* X ly77y*V'i x Ivy^i* x IvVvV-dLp x ly , 

i 

where ipi is an orthonormal basis of K . Now 

K* X lyriy*K X ly C {V'',V'^) 

as rjy ^2 ^'^d V23 commute. On the other hand K* x lyrjyVdK x ly C [V, V), 
therefore K* x XyV^K x ly is a subspace of the weak closure of the algebra 
generated by {y,V) and (y'^,V'^). On the other hand this subspace generates 
the compact operators since V is regular, completing the proof. 

2.10 Theorem IfV is a multiplicative unitary and the algebra generated by 
{V, V) and [V^, V''') acts irreducibly on K then any braided symmetry e on 
C(y)y extends uniquely to a braided symmetry on G{V) , standard if e is 
standard. 

Proof. We have already noted that any braided symmetry on Q{V) is deter- 
mined uniquely by rjy. The explict relation is 

ly Xrjw ^ (^Vv)32(??y"^)l3(ClV~^)32(Cw~^)l2(??y)l3(Cl4')l2- 

We show that the right hand side does define a natural unitary transformation 
from R to Rl in Q{V) satisfying (2.3). For brevity, we write W^^ for . 
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Let H be the Hilbert space of the corepresentation W . The key idea is to 
show that the unitary operator X\y on KHK defined by the right hand side 
acts trivially on the first factor, by showing that its first component lies in 
the commutant of the algebra generated by {V, V) and {V^, V*), this being the 
complex numbers, by assumption. We first show that the first component oi X\f/ 
is in the commutant of [V''', V^). Since the first component of W is in iy^, V'^), 
and W32~^ acts trivially on the first factor, it is enough to prove the claim for the 
first component of (?7y~"^)i3W32M/'i2(w)i3 • However, by the corepresentation 
relation W32VK12 = V3i^^Wi2V3i , we are thus reduced to showing that the 
first component of (?7y^^)i3V3i~^M^i2V3i(?7y)i3 is contained in the commutant 
of (V^jV^). Now, this holds in the special case W = V since this operator 
coincides with V32 (771^)23^12 • In the general case, since the first component of 
W is contained in {V^, V^)' we deduce that we can approximate W weakly by 
finite sums of operators of the form Ik x A*V1k x B , with A,Bg {H,K) . 
Hence it suffices if the first component of 

(W"^)l3^3l"^lif X A* X 1kVi21k xBx lKV3i{r)v)l3 = 

Ik X A* X lK{r]v~^)i3V3i~^Vi2V3i{r]v)i3iK x B x Ik , 

is in (V^, V^y and this is now clear. 

On the other hand by b) of Lemma 2.6, r]v € {V, V)' (g) {K, K) . To prove 
the claim it remains to show that the first component of Wi2(??y)i3Wi2~^ is in 
{V,V)'. Now 

Ikh X K*Wi2{t1v)i3Wi2~'Ikh xK = WIkh X K*{r,v)i3lKH X KW-^ 

C W{V, V)' (g) CW-^ C {V, V)' (g) (W, W)' 

by the corepresentation relation, as claimed. Let r^w be the unitary on HK 

defined by (7714^)23 = Xw ■ A straightforward computation shows that Xw & 
{V X W X V,V X l{W) X V) , thus r]w e {W X V, l{W) x V) , and that W G 
C{V) 1-^ r]w is a natural transformation from R to Rl. We now check that (2.3) 
holds. 

{'nWxW')23i = XwxW = 
WU3~'W42-\Vv')liW42WU3Wi2W\3ir,v)l4W\3-'Wi2-' = 
W'43~^Wi2~^iVV~^)l'lWi2Wi2ir]v)l4W\3{r]w')3iWi2~^ = 
W'43~^{Vw)24W'43{r]W')34, ■ 
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Finally, we prove the last statement. Let us assume that e is standard on 
C{V)v , so a) of Lemma 2.6 holds. Hence e is standard on C{V) by Lemma 2.4, 
completing the proof. 

We now describe one way of getting standard braided symmetries on G(V). 

2.11 Proposition Let V be a multiplicative unitary and U G U{K) such that 

V X UWdl X U* 

is multiplicative, with i9 — -dRM- If [V12, V23] = and W S OV), then there is 
a standard braided symmetry e on G{V) defined by: 

■= WU X IWU* X Hh.k- 

The corresponding natural transformation rj making V into a right regular object 
is given by 

r]w ■■= I X U^k,hWi}h,kI x U*. 

Proof. It is obvious from the form of e that we have a natural transformation. 
Hence 77 will be a natural transformation, too and a simple computation shows 
that it makes V into a right regular object. Since d') of Lemma 2.4 holds, e is 
a standard braided symmetry. 

If [/ G ll{K) has the properties listed in to make V an irreducible multi- 
plicative unitary then all the conditions of the above proposition are satisfied. 
In particular, G{V) has a canonical standard braided symmetry if V comes 
from a Kac-von Neumann algebra as in |Q or is any regular discrete or com- 
pact multiplicative unitary. If V is derived from a locally compact group G, 
the corresponding braided symmetry is that derived from the usual permuta- 
tion symmetry on the representation category of G interchanging the order of 
factors in the tensor product of two representations. 



3 Conjugation 

Our aim is to discuss conjugation in the context of multiplicative unitaries and 
their associated Hopf algebras. Although this aspect was not discussed in Q, 
relevant related work can be found in a number of publications, and we refer, 
in particular, to the work of Woronowicz in the context of compact quantum 
groups [Q. 
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However, some of the relevant problems can be seen at the level of the 

representation theory of C* algebras and von Neumann algebras and it is hence 
wise to discuss them in this simplified setting. We therefore begin with C*- 
categories and T4^*-categories. If T is a C* category, then a conjugation on 
T is an extension T" of 7 with the same objects to include antilinear arrows 
with the property that any object is the source of an antiunitary. To formalize 
the structure involved, we define a semilinear C*-category to be a C*-category 
where for each pair of objects p, a in addition to the linear space (p, a) of 
"linear" arrows there is a second linear space (p, (7)a of "antilinear" arrows. 
The composition of two arrows is antilinear if and only if precisely one of them 
is antilinear. Identity arrows are, of course, linear and we have 

jjisoXr = /zAs o r, 

jis o \r = jiXs o r, 

according as s is linear or antilinear. The adjoint r r* is a contravariant 
involution leaving objects fixed and being antilinear on linear arrows and linear 
on antilinear arrows. The spaces (p, cr) and {p,a)a are equipped with a norm 
making them into Banach spaces and having the C*-property: 

\\r\? \y°r\\. 

If we forget the antilinear arrows, we get an ordinary C*-category and the norm 
is determined by its values on that subcategory. 

An antiunitary arrow in a semilinear C* category is an arrow J in some 
(p, (j)a such that J* o J = Ip and J o J* = Two objects p and p are said 
to be conjugates if there exists an antiunitary J e {p,p)a- Conjugates, if they 
exist, are defined up to unitary equivalence. 

The above definition would seem to be the most natural from the categorical 
point of view. However, if conjugates exist, we may wish to make a choice, 
p I— > Jp, of antiunitary for each object p and then there is an associated antilinear 
* -functor on T defined by 

T:=J,oToj;e{p,a), Te{p,a). 

It can be extended to by defining 

Ro Jp := Ro Jp 

on antilinear arrows. In addition there is an associated natural unitary trans- 
formation dp : (p, p) defined by 

dp := Jp o Jp 
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and satisfying dp = dp. 

More interestingly, we can also go in the other direction. If we are given an 
antilinear *-functor and a unitary natural transformations d, as above, we may 
define a semilinear C*-category as follows. For each object p, we introduce an 
antiunitary arrow Jp G {p,J))a- A general antilinear arrow in {p,a)a can now 
be written uniquely in the form Ro Jp, where R G (p, cr). Composition with a 
linear arrow P G (tt, p) is defined by 

RoJpoP:=RoPoJ^. 

Composition with a linear arrow S G (cr, r) is defined by 

SoRoJp:={SoR)o Jp. 

Finally, composition with an antilinear arrow SoJ^, where S G {a, r), is defined 
by 

S o J„ o Ro Jp := S o Ro dp. 

Routine computations verify that we get a *-category and indeed a semilin- 
ear C*-category if we define the norms of antilinear arrows in the only way 
compatible with Jp being antiunitary, namely by setting 

\\R°Jp\\ ■■= Upli- 
ft should be noted that in the above construction of T° if Up G {p, p) is a 
unitary natural transformation between two antilinear *-functors then mapping 
antilinear arrows hy Rojp RoUpoJp and leaving linear arrows invariant is an 
isomorphism of the constructed semilinear tensor C*-categories. Two different 
choices, p ^ Jp and p Jp, within T° lead to a unitary natural equivalence 
Up := Jp o J* between the associated antilinear * functors. 

We may want our conjugation to have additional properties. The following 
definition would seem to describe the best possible situation. We call a strict 
involutive conjugation an involutive antilinear covariant functor on 7 commuting 
with the adjoint, taking an object p to p and an arrow T to T. If we now adjoin 
to the category, as a special case of the above construction, an antiunitary Jp 
for each object p with the property that Jp = J* and 

J„T = TJp, Te{p,a) 

then we will have constructed a conjugation on T. This special case corresponds 
to being able to take d as the identity natural transformation. Looked at from 
the point of view of T", it means that Jp can be chosen so that Jp = Jp- 
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To give a simple example: let IK be a category of Hilbert spaces then we get 
a conjugation on IK by adding to the arrows all bounded antilinear mappings 
between the respective objects. Such a category will be denoted K° and referred 
to as a category of Hilbert spaces with conjugation. Pick an orthonormal basis 
for each Hilbert space H in the category and let Jh denote the antiunitary 
involution on H leaving this basis fixed. Then define for T e {H,K), T :— 
JkTJh and we have a strict involutive conjugation on K yielding K*^ as the 
associated conjugation. 

A second simple example is provided by a C*-algebra A equipped with 
a conjugation j, i.e. an antilinear involutive *-homomorphism. Consider the 
representation theory of A on the objects of K. If tt is such a representation, 
we write J^^ := Jh^ and define 

7f(A) J,7r(j(A)) Jy, A&A, 

T = JaTJp, T e (p, cr). 

In this way, we get a strict involutive conjugation on the C*-category of repre- 
sentations of A on the objects of K. The forgetful functor into K preserves the 
strict involutive conjugation in the obvious sense. 

There is also a simple result going in the other direction. We recall ||^ that 
if iJ : T ^ K is a * -functor of a C*-category into the category of Hilbert spaces 
then the bounded natural transformations from H to H form a von Neumann 
algebra denoted H) and called the commutant of H . The evaluation maps 
Tj ^ rjp are normal representations of {H,H). When T is a iy*-category and 
H is faithful and normal, then T can be interpreted as a category of normal 
representations of {H, H) . 

3.1 Lemma Let T" be a conjugation on 7 and : T° K° be a * -functor 
into a category of Hilbert spaces with conjugation and H its restriction to K. 
Given rj e (iJ, H), set 

H'^{j;)j^H-{Jp), 

where Jp is an antiunitary from p to'p in T° . Then j is a conjugation on {H, H) . 

Proof. Given T E (p^cr), T J^TJ* G (p, ct) and a simple computation shows 
that j{ri) G {H, H). Two different choices of Jp differ by a unitary in T. But 77 
is a natural transformation, so j does not depend on the choice of Jp and this 
makes it obvious that j is an involution. 
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We next show how, given a conjugation on a C*-algebra, the GNS construc- 
tion provides canonical antiunitary intertwiners between conjugate representa- 
tions. 

3.2 Lemma Let j be a conjugation on a C* algebra A and let (p denote a lower 
semicontinuous densely defined weight on A and let (f> := (t> o j . Let J^^ and 
be the associated scalar product spaces mapped by ' into the associated 
Hilbert spaces, L'^{A,(f)) and L'^{A,4>), respectively. Then there is a canonical 
antiunitary operator from L'^{A, <p) to L'^{A, (j)) defined by 

and we have 

J^TT^ {A) =Tr-^oj{A)J^, AG A. 
If (j) extends to a faithful normal weight on 'k^{A)" then 

where the operators S are the closed operators derived from the adjoint. 
Proof. is uniquely defined as an antiunitary operator since 

<P{N*N) = ^(i(iV)*i(iV)), N€A. 

Furthermore, the intertwining property holds since 

j{AN) = j{A)j{N), AeA, N€J^4,. 

The final relation follows from 

4 Conjugation and Tensor Products 

After this general discussion of conjugation which already illustrates the basic 
problems involved, we turn to conjugation on tensor C*-categorics, the struc- 
tures arising in the representation theory of Hopf (7*-algebras, locally compact 
quantum groups and multiplicative unitaries. 

In a semilinear tensor C*-category, the tensor product is defined separately 
for linear and antilinear arrows. If ii G (p, it) and R' G (p'jc') then R x 
R' e {pp',aa') and the map R,R'i-^RxR' is bilinear. If ii e {p,(j)a and 
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R' £ {p',a')a, then R x R' £ [pp' ,a'(j)a and R,R'h^RxR' is again bilinear. 
use (fj, r) and S' e (cr', r'), then 

S' X SoRx R' ^ {SoR) X {S' o R'). 
If P e (tt, p) and P' e (tt', p') then 

Rx R' oP X P' ^ (RoP) X {R' o P'). 
If S" G (cr, r)^ and S' G (cr', r')^ then again 

S' xSoRxR' ^{SoR)x{S' o R'). 

Finally, {R x R')* = i?'* x R* for i?, i?' antilinear. 

A simple example of a semilinear tensor C*~category is got by considering 
the linear and antilinear intertwining operators between a set of unitary rep- 
resentations of a group G, closed under tensor products, where an antilinear 
intertwining operator R G (p, a) a is a bounded antilinear operator from H{p) 
to H{a), the underlying Hilbert spaces, such that 

Rp{9) = (^{9)R. 9 e G. 

The only point to note is that the tensor product Rx R' is not the usual tensor 
product i? eg) i?' of antilinear operators, but is given by 

Rx R' = a')oR(^R' = R' i^Ro d{p, p') 

where is the symmetry on the underlying tensor C*-category of Hilbert spaces. 

The idea of conjugation in §3 nows adapts to a tensor C* -category T. It is 
an extension T° of T to a semilinear tensor C*-category where every object is 
the source of an antiunitary. At this point we make contact with the notion of 
conjugation introduced by Hayashi and Yamagami|^. If we pick antiunitaries 
Jp for each object p and set 

Cp.o" ■ — J pa ^ (<-^p ^ <-^(t) 1 

we get a natural unitary equivalence from Wp to 'pa. A computation shows that 

Cr^rjp ^ ^(T.p ^ ^-ra.p ^ ^~p ^ '^T,cr; 

Cp,cr O Ca,-p odpXd„ ^ dpa, 

where d is the natural unitary equivalence of §3. Conversely, given an antilinear 
functor T ^ T and the natural equivalences c and d satisfying the above rela- 
tions, then the semilinear C*-category T" constructed in §3 can be made into 
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a tensor C*-category by using the following definition of the tensor product of 
antilinear arrows: 

{R o Jp) X {R' oJp,):=R' xRo c"!, o J^^,. 

Rather than using semilinear structure, Hayashi and Yamagami define a con- 
jugation as an antilinear *-functor equipped with the natural transformations 
c and d. 

They also introduce the notion of a strict conjugation on a tensor C*- 
category requiring c and d to be identities. In terms of antiunitary operators, 
this obviously corresponds to requiring that there is a choice of J such that 

for each pair of objects p and a and we refer to this case as a strict involutive 
conjugation of tensor C*-categories. 

We give an example of a strict tensor W^*-category of Hilbert spaces with 
conjugation. Let M be a von Neumann algebra equipped with a conjugation 
j. Let the objects of the category be the Hilbert spaces in M. If H is such a 
Hilbert space then its conjugate is j{H). If T G {H,H') then its conjugate is 
j{T) e {j(H), j(H')). As this conjugation is involutive, wc may take the natural 
unitary equivalence d to be the identity. The natural unitary equivalence c from 
j{K)j{H) to j{HK) is defined by 

CH,K :=e{j{K),j{H)). 

Since j{cK,H) ° c-j(K),j(H) = ^kh, we may construct a semilinear tensor W* 
category with conjugation, as explained above. This construction is realized 
concretely by taking as antiunitary arrows Jh, the mapping ip i— > ^('0) for 
tp £ H, and defining 

Jh X Jk '■= C^^K ° "^HK- 

For a second example, the category of matrices with complex entries is a C*- 
category in a natural way and becomes a strict tensor C*-category when the 
tensor product is defined using lexicographical ordering. However, this cannot 

be made into a strict tensor C*-category with a strict involutive conjugation. 
In fact, labelling the objects by the integers in the obvious way, the equation 

J2 X Js = Js X J2 

cannot be satisfied. On the other hand, our axioms require op rather than 'pa 
to be the conjugate of pa. If we use the ordinary tensor product of antilinear 
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operators, denoted by ®, then we can satisfy 

Jm ® Jn — Jmn — Jn ® Jmi Tn,n G N 

by defining 

with respect to the natural orthonormal basis e^, i = 1, 2, . . . m. 

For a third example, we consider a strict tensor C* -category with conjugates 
[p^ embedded in a strict tensor category of Hilbert spaces. Let R G {i.,pp) and 
R £ (t, pp) solve the conjugate equations for an object p of T, then they also 
solve the corresponding equations in the category of Hilbert spaces and there is 
an invertible antilinear operator T from H to H, the underlying Hilbert space 
of p and p, such that 

i?(l) = ^Te,®e„ = ^e, ®T*-ie„ 

i i 

where is an orthonormal basis of H. We set T :— T*^^. If we pick, for 
each object p of T, a standard solution of the conjugate equations and denote 
the antilinear operator by Tp, then fl^ there is an antilinear functor S i-^ S 
commuting with the adjoint defined by 

S:=T,ST-\ Se{p,a), 

fp ■■= t;tp 

is independent of the choice of Tp, p i-^ is a natural transformation of the 
embedding functor to itself and 

fpa = f p ® fa ■ 

One can similarly define an antilinear functor S S associated to the antilinear 
operators Tp := Tp* ^ by 

S T^STp \ S" e (p, a). 

Theorem 4.1 

a) Setting 

(P, cr)a ■= (p, cr) o Tp 

and 

Tp X ■.= T,®Tpoe{H,K), 
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where H and K denote the underlying Hilbert spaces of p and a, respec- 
tively, gives an embedded semiUnear tensor category. Set dp T-poTp and 
Cp.cr '■= TpaoiTpXTa-)'^ ■ Then d and c are unitary natural transformations 
satisfying the identities needed to yield a semilinear tensor C* -category 
with conjugation T° . 

b) Setting 

{p, a)a := (p, cr) o Tp 

gives, in a similar way, another semilinear tensor category with conjugation 
with the corresponding properties. 

In general, Tp ^ {p,p)a. The category T° (resp. may be identified with 
the embedded semilinear tensor category after the adjoint of antilinear arrows 
has been redefined so as to make the Tp (resp. Tp) antiunitary. It is independent 
of the embedding of 7 into a tensor C* -category of Hilbert spaces. 

Proof. The observation on the embedded semihnear category is aheady made 
in We get a semiUnear tensor category since Tp x Tg- would be a possible 
choice of Tp^. Since 5* i— > is defined in terms of p i—> Tp, d and c are obviously 
natural transformations satisfying the required identities, dp is unitary since 
Tp^ would be a possible choice of Tp. Similarly, Cp^a is unitary since Tp x T^ is 
a possible choice of Tp^-. The semilinear tensor C*-category determined by this 
data is obviously T°, where the adjoint of antilinear arrows has been changed to 
make the Tp antiunitary. Since different choices of the Tp differ by a unitary, the 
resulting category is independent of the embedding. The statements relative to 
the category T" can be proved similarly. 

If the semilinear tensor C*-category with conjugation constructed above can 
be embedded in the semilinear tensor category of Hilbert spaces, then the Tp 
are antiunitary for this embedding and the intrinsic dimensions coincide with 
the dimensions of the underlying Hilbert spaces. 

We can learn more from the above construction of a conjugation. The nat- 
ural transformations c and d have here been defined in terms of the invertible 
antilinear operators Tp which in turn were defined using standard solutions Rp 
and Rp of the conjugate equations. Expressing c and d in terms of the Rp and 
Rp, we find 

Cp,a = Ipo^ X (R*p olpXR*^ X Ip) O Rp„ X 1^, 

dp ^ 1= X R* o Rp X Ip. 
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These expressions no longer make reference to an ambient Hilbert space. Defin- 
ing the conjugate Unear *-functor by 

S X Ip o Rp = l-gr X S* o R^, S e {p, cr), 

c and d become natural transformations. Furthermore, after a somewhat lengthy 
calculation, the identities between c and d can be verified, leading to the follow- 
ing result. 

4.2 Theorem Any strict tensor C* -category with conjugates admits a canonical 
conjugation defined, as above, in terms of standard solutions of the conjugate 
equations. 

Proof. The only point still to be checked is that the conjugation docs not 
depend on the choice of standard solutions of the conjugate equations. However, 
a second choice p i-^ Rp is related to the first by Rp = Up x IpO Rp, where Up G 
(p, p) is unitary. We then have dp = U-pO Up and Cp,cr — Upa o Cp^o- o {Ua x Up)* . 
As we have seen this leads to the same conjugation. 

The reader's attention is drawn to a result of Yamagami's, Theorem 3.6 of 
JT?! , where he achieves more, at the cost of passing to an equivalent tensor 
C* -category in the course of the proof. We also remark that 

Cp,<T = It^^ X {Rl ol-s^x R*x 1^) ol-s^x Rp„, 

dp = rI X l=olp X Rp. 

We recall from the beginning of the previous section that, in the presence 
of a conjugation j on a C*-algebra A, the representation theory relative to 
a category of Hilbert spaces with a strict involutive conjugation has a strict 
involutive conjugation given by 

Tt{A) := J^Tr{j{A))J^, A e A, 

T = JaTJp, T e (p, cr), 

where = Jh„ and H.^ is the Hilbert space of tt. If 71 is a Hopf C*-algebra 
with coproduct 5 satisfying 

5oj— j®jo0o8, 

and we consider representations relative to a strict tensor M^*-category of Hilbert 
spaces with a conjugation, then Jttxp — Jp® JTrf){H.,j,Hp) defines p x 7f as a 
conjugate for tt x p and we get a conjugation on the tensor VF*-category of 
representations of A. If the underlying category of Hilbert spaces has a strict 
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involutive conjugation then the same is true for the category of representations 
oiA. 

We now come to other cases where conjugates can be defined in terms of 
antiunitary arrows but where we need to make a simple extension of our for- 
mahsm. Instead of starting with a strict tensor C*-category, we need to adjoin 
antihnear 2-arrows to a 2 — C*-category. A formal definition of 2 — C*-category 
can be found in ||T^ but the examples given below should be self-explanatory. 
We consider a set of von Neumann algebras. These form the 0-arrows. The bi- 
modules (correspondences) on this set form the 1-arrows, whilst the bimodule 
homomorphisms form the 2-arrows. Compositions are defined in the obvious 
manner. What we get is not a 2-C*-category but what might be called a bi- 
C* -category, because the composition of 1-arrows is defined only up to equiv- 
alence. Now there is no problem in adjoining antilinear 2-arrows in a natural 
way because there is a natural notion of an antilinear bimodule homomorphism. 
An antilinear bimodule homomorphism from an M-3Nf-bimodule to an 3\f-M- 
bimodule is simply a bounded antilinear map A between the underlying Hilbert 
spaces such that 

A{M -ij-N) = N* ■ (A^) ■ M\ M G M, TV e 3^. 

Adding these antilinear 2-arrows, we get a semilinear bi-C*-category, where 
every 1-arrow is the source of an antiunitary 2-arrow. In fact, conjugating 
an M-DNf-bimodule with an antiunitary operator yields an [N'-M-bimodule, a 
conjugate bimodule unique up to equivalence. 

In the second example, we deal with morphisms of von Neumann algebras 
and whilst it is not immediately evident that we can define antilinear intertwin- 
ing operators between such morphisms, the close links between morphisms and 
bimodules suggest that it must be possible. Furthermore, there is a definition of 
conjugation for such morphisms going back to Longo. These considerations lead 
us to consider a separable Hilbert space and a set of von Neumann algebras rep- 
resented standardly on that Hilbert space. We denote by Jjvt the corresponding 
modular conjugation of the von Neumann algebra M and let jjvt denote AdJjvt- 
Then ii p : M —f and a : M. Then we write A e (p, a)a if A is a 

(bounded) antilinear operator on our Hilbert space such that 

Ap{M) ^ jM{M)A, MeM, 

Ajj^{N) = a{N)A, N eM. 

As these conditions may look surprising, it is perhaps worth observing that if 
T : M ^ 3\f then the condition for a (bounded) linear operator T to be in (p, r) 
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is that 

Tp{M) = t{M)T, M g M, 

Tjj^iN) = jj^{N)T, ATeK. 

Composition of these 2-arrows can be defined in the obvious fashion. The tensor 
product for Hnear 2-arrows is well known. For antilinear arrows, we proceed as 
follows: if A is as above and A' e (p', (t')^, where p' : T — > M and cr' : M — > T, 
then 

AxA':= A'JmA e (pp', a'a)a. 

It is easy to verify that wc get a scmilincar 2 -C* -category in this way. It is also 
easy to recover Longo's result on the existence of conjugates. Given p as above, 
we want to show that p is the source of an antiunitary arrow A. The first of the 
equations that A has to satisfy can be solved by taking A := JmU*, where U is 
a unitary implementing p. We now set 

p{N) ■.^Ajj,{N)A*, 

and can check that p : Jsf ^ K. 

Wc now adapt the above formalism to the case of C* -algebras by replacing 
the above von Neumann algebras by weakly dense unital C*-algebras A, S, 

C, We write Ja for the modular conjugation of the weak closure of A. 

The difference is that we now no longer have the analogue of Longo's result on 
the existence of conjugates. We therefore consider a 2-C*-category T whose 0- 
arrows are this set of C* -algebras whose 1-arrows are morphisms between these 
C* algebras and whose 2-arrows are intertwiners between these morphisms. We 
suppose wc may pick for each 1-arrow p : A T) an antiunitary operator Jp in 
such a way that 

a) JpJA induces p, 

b) JpJ'B induces a 1-arrow p -."B ^ A. 

It follows that a 1-arrow p, being unitarily implemented, extends to a morphism 
p between the weak closures and is a 1-arrows in the semilinear 2-C*-category, 
Ca say, of morphisms and intertwiners between the weak closures. It follows 
easily from a) and b) that Jp e {p,'p)- We give conditions allowing us to con- 
struct a conjugation on T as a semilinear 2-C*-subcategory of Ga- The antiu- 
nitaries Jp are not unique and two choices Jp and Jp are said to be equivalent if 
JpJp € (p, p) and JpJp e (p,p)- The equivalence class of Jp is denoted by [Jp]. 
We now require 
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c) J; e [Jj], 

d) JpJ's.Jp' e [Jp'p]^ 

e) If i? e (tt, p) in T, where tt and p are 1-arrows from A to 15, then JpRJ^ £ A. 

Wc now claim that we get a conjugation Ta on T by taking (p, cr)a to be the set 
of antilinear operators on the underlying Hilbert space such that J^S E 
and SJ* S (PjCt)- Note that this definition is independent of the choice of 
representatives in the equivalence classes and that (p, cr)a C (p, ct). It is easily 
checked that the image of in Ca is closed under o-composition and adjoints. 
We note that by c), Jp G {p,p)- It therefore remains to show that the image 
of 7a is closed under tensor products. Let 5 € {p,cr)a and S' G {p',a')a, then 
working in we have 

JaXj^,oS'xS= {Ja' o S') X {J^ oS)G {p'p,'^a), 

S'xSo {Jp, X Jp)* = {S o j;) X {S' o j;„ ) e (p7, aa'), 

so in virtue of d), S" x 5 G (p'p, era'). Thus To is a 2-C*-subcategory of Co and 
Ta is a conjugation on T. 

We now return to the concept of regular object from §2 and show that the 
conjugate of a left regular object is a right regular object. 

4.3 Proposition We consider a strict tensor W*-category T equipped with a 
faithful idempotent tensor * -functor t onto a tensor W* -subcategory of Hilbert 
spaces. We suppose that T admits a conjugation J such that for each pair W, 
W' of objects of 7 

Then ifV is a left regular object of 7, its conjugate V is a right regular object. 

Proof. Let denote the functor of tensoring on the right by V and let ^ € 
{L, Ll) denote the natural unitary transformation making V into a left regular 
object. We show that there is a natural unitary transformation in [RY ,Ry i). 
We have, for every object W of V, an antiunitary arrow Jw defining a conjugate 
W of W. There is a unitary rj^ ^ e {W x V, t{W) x V) defined explicitly by 

w = Jv X J^{w)~^ ° ° X Jv~^. 

7] is a natural transformation. In fact, if T € {W, W') then 

r]^,oTxly = JvX J-^ly,^ o^j^, olv xToJw X Jy^ 
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^ JV X J,(W') ° IV X l^{T) O o Jw X Jy^ = l{T) X lyo-q^. 

We have to show that 77^ satisfies the coherence relation 

V^W.W = (^V)l3(r/V')23. 

Now Jw X Jw' ° Jwxw ^ xW',w' xW). Thus by the naturahty of ^, we 
have 

Hence, we may express Jyjyxw using ff^'xi^z rather than Cvkx w ^^d, after 
simplifying, this yields 

^H/xiv = >/v X J~^^,-^ X J^"^^^ o ° Jw X Jw X Jy^ 

Finally, writing 

we get the required result. 

5 Conjugation for locally compact quantum groups 

Conjugation for the representation theory of a locally compact group provides 
motivation for the generalization which follows but is too well known to merit 
discussion. Therefore we turn to consider a locally compact quantum group, 
{A, 5, (j), tp, R,t), a concept which, after initial work of Masuda, Nakagami and 
Woronowicz, has perhaps now received its final definition and denomination 
(cf. 0, 1^). Here (5 : 71 ^ M(yi yi) is a coassociative coproduct such that 
^(yL)yL (X) C = S{A)C 'Si A = A (g) A, (/) (ip) is called left (right) Haar measure 
and is a faithful, lower semicontinuous, densely defined, left (right) invariant 
KMS weight in the C*-algebraic sense. R is an involutive *-antiautomorphism 
and T is a pointwise norm continuous one-parameter automorphism group of A 
commuting with R. R and r together should implement the coinverse, in the 
sense that the coinverse of 71 should be k := RT-i/2, where r_i/2 is the analytic 
generator of r. We focus attention, not on the antiautomorphism R but on the 
conjugation j := Ro*. This defines for us the conjugation on the representation 
theory and makes it clear that the problems of defining a conjugation have been 
avoided by a judicious choice of axioms. On the other hand it must be stressed 
that Woronowicz in effect overcame these difficulties in the case of compact 
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matrix pseudogroups by proving that they are locaUy compact quantum groups 
in a natural way. 

We refer to for the general definition, recalling here, instead, the prop- 
erties we need. First, we explain left invariance. Let denote as usual the 
dense *-algebra linearly spanned by the a S such that 4>{a) < oo and INf^ 
the associated left ideal. One has: 

(p{uj (g) i{S{a)) = (/)(a)cj(/), u € A*+, a £ M^^. 

The following property, referred to as strong left invariance, is shown to hold in 
a locally compact quantum group (|^): for all a,b E Jvf^, x := (j){5{a*)I ® b) 
lies in the domain of k and 

k{x) = TW4>{I ® a*6{b)). 

Mt(g)0 and M^;^ will denote the domains of t and its natural extension to 
the multiplier algebra M{A ® A), ci. In particular we have 

(^(a*w ® i{5{b))) = (f){ijjn ® L{6{a*))b), a,b e TsT^, 

with uj in the set of those elements co E A* for which ujk E A*. The above 
expression can also be written as 

uj (g) (f>{I (g) a*S{b)) =ujK® (l){5(a*)I ® b). 

Then the following relations also hold. 

(j) o Tt = *0i for some G M, 

6oj— jiS)jo9oS 

Tt (g Tt O 5 ^ 5 O Tt, 

V is referred to as the scaling constant. 

Right invariance can be derived formally from left invariance choosing 0,. = 
(j)R, using the antiniultiplicativity of R and the relation SR = 9R RS. 

We now turn to multiplicative unitaries starting with a construction of Q. 
Let F be a multiplicative unitary on K^, and define an associative product on 
{K, K), by uj* uj'{T) =uj® u}'{V-^I (E)TV),T e {K, K) making {K, K), into 
a Banach algebra. 

5.1 Proposition For any corepresentation W oiV, u E {K,K)^ i-^ u; (g) 
i{W) € {Hw, Hw) is an algebra homomorphism. IfV is a regular multiplicative 
unitary, the closure ^1(1^) of its image is a C* -algebra. 
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We endow {K,K),, with the maximal C*-seminorm determined by aU (uni- 
tary) corepresentations of V and denote the completion of (K, K)^ in this semi- 
norm by ^max(^)- We denote by ttw the * -representation of AmaxiV) obtained 
extending the homomorphism defined in the above proposition. 

For an operator X e {KH, KH), we denote the norm closure of {ui O i{X) : 
u e {K,K)^} by A{X) and the closure of [i ® uj{X) : uj € by A{X) 

where i denotes the appropriate identity map. Note that lu e (K,K)^ has 
zero seminorm if and only if uj annihilates every yi(Vl^). Let us assume that 
y is a regular multiplicative unitary, or, more generally, that A{V) is a C*- 
algebra. Since is a corepresentation of V, A{W) is contained in 3vi{V), the 
von Neumann algebra generated by A{V). Therefore uj will annihilate yi(Vl^) if 
it annihilates M(y). Hence AmnKiV) can also be defined as the completion of 
M(F)*, the predual of M(T^), in the C*-norm ||w|| = snpyyf=Q(^v) 11^ ® ^0^)11- 

5.2 Theorem (§) If is a regular multiplicative unitary, the map W nw 
defines a faithful *-functor from the C* -category C(V) of unitary corepresenta- 
tions ofV onto the C* -category of nondegenerate * -representations ofAmnA V). 

It is also shown in Q that .Ainax(^) is equipped with a natural coassociative 
coproduct S. One can easily check, in analogy with the group case, that the 
map p,a eRep(yiniax(V^)) p® a o 5 GRep(yimax(V^)) makes Rep(yimax(V^)) 
into a tensor C*-category in such a way that tt is a tensor functor. 

Recalling our aim of defining a conjugate representation of a given unitary 
representation W of V , Theorem 5.2 tells us that it suffices to determine the 
associated *-representation tt-^^ of Ama.^{y) and we know from the discussion 
in Section 4 that we should look for a suitable conjugation on Rcp(yi,„ax(V^)) or 
some related C*-algebra. 

If j^max(^) is equipped with a (densely defined, unbounded) coinverse k, 
this would be the natural starting point and in view of the duality between 
M(V) and M(F)h<, the coinverse k' and the *-involution of yi,„ax(V') are indeed 
related by: 

*ok'(w)=cJ, uj&il{{V)^. 

There are difficulties involved as we shall, in general, be dealing with an anti- 
linear involution that does not commute with the adjoint and is only densely 
defined. 

However, it suggests giving a definition in terms of an, in general, unbounded 
antilinear operator. We say that a unitary W on a. Hilbert space of the form 
KHy^ is a conjugate of W if there is a densely defined closed antilinear invertible 
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operator T : Hyy Hy^ such that 

uJ®i(W)T <Tuj®i{W), LueiK,K)^. 

5.3 Lemma A conjugate W of a corepresentation W is itself necessarily a 
corepresen tat ion. 

Proof. Let T : Hw — >■ Hjjy be densely defined closed antilinear and invertible, 
W a corepresentation of V and W a unitary on KH-^ such that 

LO(^i(W)T <TLJ(g)i{W), uje{K,K)^. 

Pick (j) e Vt and iLJi,u;2 G {K, K)^ then 

L0i®iU2® i{Vi2WisW23.)T(t) = TTDi ®UJ2®i{WxzW23Vl2*)(t) = 
TUJI ®UJ2® i{Vi2*W2z)4> ^U0i®UJ2® i{W23Vl2)T(j). 

Since T is invertible 

071 0^2 ® iiVi2Wi3W23) = Wi 0^2 (X) «(Vl^23Vl2) 

and since lui,lu2 G {K,K)^, are arbitrary, 

Vl2Wx-3W2-i = 1^23^12- 

Thus is a corepresentation of V . 

It suffices to verify the intertwining relation for lo in a total set of (fC, K)-i,, 
e.g. the set {tjj Hence, W is a conjugate of W if and only if for 77' e Dy, 

(C«)C',"f^'7«' = {Wi®Ti ,T]®T*i^). (5.1) 

In practice, this will be checked for 77' and ^' in a core of T and T*, respectively. 
In analogy with the classical situation this equation can be interpreted from the 
standpoint of the Banach algebra Aiy^ associated with the multiplicative uni- 
tary as in 1^]: it asserts that the adjoint of the "matrix coefficient" i (gjw^/^^/ (IF) 
is given by z (g) wj-.-i^/ (IF). In particular, if the regular representation is 
selfconjugate, Aiy") is *-invariant, hence a C*-algebra. We shall see later that 
the left regular representation of a locally compact quantum group is selfcon- 
jugate in this sense. Other examples arise from compact quantum groups p^ , 
Hopf-von Neumann algebras Q and Kac systems 0| as pointed out in [Q. It 
raises the question of whether the existence of conjugate representations might 
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prove a more effective postulate than regularity in developing the theory of 
multiplicative unitaries. 

On the other hand, the above definition of conjugate, with its reHance on 
unbounded operators with unspecified domains, is difficult to work with. It is 
clear that if is a conjugate of W then W is a conjugate of W since we may 
use T^^ in place of T. But it is not even clear whether a conjugate is unique 
up to unitary equivalence. Nevertheless, as we shall see in the sequel, we can, 
in special cases, relate this notion of conjugate to the other notions used in this 
paper. 

We begin by considering the category of finite dimensional representations 
of a compact quantum group and add antilinear operators to get a semilinear 
category. T G {W, W)a if T is an antilinear operator with 

oj(^i{W)T = Tw®i{W), (JG{K,K)^. 

Defining tensor products by 

T xT' := 0{H,H')oT^T', 

where T G (W, W)a and T' e {W, W')a, H and H' are the underlying Hilbert 
spaces of W and W and H and H' are the underlying Hilbert spaces of W and 
W' . Adding these antilinear intertwiners, we get a semilinear tensor category 
of bounded intertwiners that is not in general self-adjoint. We have already 
met this phenomenon in Theorem 4.1 and can make this more precise using 
the antilinear operators T and T := T*~^ associated with solutions R, R of 
the conjugate equations for W and W as discussed in conjunction with that 
theorem. We then have 

Wis olpc X R = o^K X R, 

Wis o1kxR = W^2^ oIkxR, 

where K denotes the Hilbert space of the regular corepresentation. Writing 
these equations in terms of T instead, we get 

® C, Wn T*0 = (Wc ® e', ^ ® n"). (5.2) 

® S,',Wf^ ® T*-^^") = {W( ® C", rj ® T-^e')- (5.3) 

These equations imply that T* G {W,W)a and T*-^ G {W,W)a. Thus W is a 
conjugate of W in the sense of Lemma 5.3, too. However T is not an intertwiner. 
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here reflecting the fact that the antihnear involution * o k' on Aaia,K{V) does not 
commute with the adjoint. 

Up till now, we have not explicitly exhibited interesting examples of infinite 
dimensional conjugate corepresentations. It is not surprising that this can be 
done for multiplicative unitaries derived from the regular representations of 
locally compact quantum groups. 

In fact, the map 

a(^b 6{b)a (g) / for a, 6 G 

defines a bounded linear operator U on L'^{A, (f) ®L'^{A, (j>). The left invariance 
of (j) implies that U is isometric: 

(f/a 6, ?7c d) = ® (f>{a* ® IS{b*d)c /) = 

0(a*t ® (f>{S{b*d))c) = (l){a*(t>{b*d)c) = 
(a ® 6, c ® d). 

and therefore U is unitary, since its range is dense (recall that in a locally 
compact quantum group d{A)A ^ / and S{A)I (^A are assumed to be dense in 
A^A). We next compute the Hilbert space adjoint V := U* (which will be the 
standard multiplicative unitary associated to (p). For a, b, c, d ^ K^, 

{Va ®b,c®d) = (a®b,Uc®d) = {a®b, S{d)c ® /) = 

(j){a*L (g) (f>{I ® b*S{d))c) = (j){a*K{L (g) (j){S{b*)I ® d))c) 

by strong left invariance of (p. Note that both in the proof of being an isometry 
and in the computation of the adjoint of U only the left invariance of the second 
factor of L'^{A, (p) ® L'^{A, (p) has been used. 

Using aright invariant measure (p^ (e.g. (pr = (poR) the map a0& i— > S{a)I(S$b 
defines another multiplicative unitary operator on L'^(A, <pr) ® L'^iA, (pr). But 
we want the right regular corepresentation, Vr, instead, a unitary operating on 
L^iA, (p) ® L^iA, (pr) and this is derived from the map a ® b ^ d o d{b)a CE) 1, 
where i? permutes the factors in the tensor product. 

When we have a locally compact quantum group, we can form a two- 
parameter (pointwise norm continuous) group LUg^t = virgat generated by the 
modular group a of the left Haar measure (p, and the scaling group r (which 
commutes with a). It is well known that the set I{lu) of norm entire elements 
for u! is a dense *-subalgebra of A, stable under all the maps Wz, z G C^. Thus 
I{u!) is a natural common core for the analytic generators of both a and t B. 
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However, we regard as a subspace of L^{A, 4>) so that w becomes a unitary 
group on L'^{A,<j)). We then look for a canonical subspace of dense in 
L'^{A,(t)) which is at the same time a common core for the generators of the 
unitary group. 

5.4 Lemma Let (j> be a lower semicontinuous densely defined KMS weight on 
a C* algebra A and let uj : R" Aut(yi) be a pointwise norm continuous 
<p-invariant automorphism group of A containing the modular group of <p as 
a coordinate subgroup. Then "B^^^^ := r\zec'^z{i'^<p H W^*) fl /(w)), is dense in 
{A, (j)) and u acts on L"^ {A, cf)) as a strongly continuous unitary group, denoted 
n. Ti^^i^ is a common core for the positive selfadjoint operators Ai, . . . , A„ on 
L'^{A,(j)) generating, by Stone's Theorem, by 



Proof. As a; is a 0-invariant automorphism group, it acts as a unitary group 
O on L'^{A, (j)). "B := 3^,^ is the greatest subset of I{lu) riJ{^n Jvf^* invariant 
under the Wz, z gC S is a * -algebra invariant under the az, z € C, such that 
is dense in B in the 2-norm. We show that ® is dense in L'^{A, </>). For any 
element a; in n N^* (which is dense in L'^{A, (j))), 



is still an element in Jvf^ n DNf^* which approximates a; as a ^ +cxo provided 
we show that VL is strongly (or weakly) continuous. One can show that, if 
a; G Jsf^ n N^* then a^{x(a)) G n K^* , z G C, so that actually x{a) G CB. We 
now show that O is weakly continuous. We first consider the case of the modular 
group cr. Since (j)is& KMS weight, the function t — > (l){x*at{x)) is continuous for 
X G N^. In the general case, it is enough to show that the functions (j){wt{x*)y) 
are continuous when x, y range over a subset of 'N^ dense in the 2-norm. Now 
u is pointwise norm continuous, therefore (j)(x* ijOt{a)y) is continuous for a & A, 
x, y G 3Nf<^. If in particular a,x,y G 23, 

(t){x*ujt{a)y) = (t){ai/2{uJt{a}y)ai/2{x)*) = (t){uJt{(Ti/2{a))(Ti/2{y)(T_i/2{x*)), 

by the KMS property. We can then consider the positive selfadjoint operators 
Ai, . . . , A„ that generate the n-parameter group Cl, by Stone's Theorem, by 
^(ti,...,t„) = Ai**^ . . . A^**". Arguments similar to those previously used show 
that it x,y G CB^, then z — > (j){x* u) ^{y)) is an entire function coinciding with 




= Ai'*^..A, 
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(p{u)-z{x*)y) by the uniqueness principle of analytic functions. ® is a common 
core for the Aj's. It follows in particular that iizi....,zr, , regarded as an operator 
Ai*^^ . . . A„*^" with domain S is a densely defined preclosed operator. 

We shall consider the two subspaces "Bcp.oj C L'^(A, 4>) and H^^,^ C L'^{A, (f)r) 
as natural common cores for certain unbounded bijections naturally arising from 
the locally compact quantum group. For example, let us write S and Sr for 
the closed operators and S^^ defined by the adjoint, denoting their polar 
decompositions hy S = JF^/^ and Sr = Jr^V^ ■ Sr and S determine each other 
in the sense that there is an antiunitary operator, Y : L'^{A,4>r) L'^{A,(t>) 
such that Ya ~ R(a)* , a E A, intertwining them: SY = YSr- Hence by the 
uniqueness of polar decompositions, we have JY = YJr, T^^'^Y = YT^^ as 
well. The next result describes other unbounded bijections arising from the 
coinverse. We denote by A and A^ the generators of the scaling group tt—^uirt 
when regarded as a strongly continuous unitary group on L'^{A, (p) and L'^{A, <pr) 
respectively. Clearly AY = YAr- 

5.5 Theorem Let a denote the modular group of (j), r tie scaling automorphism 
group of the locally compact quantum group A, and let uj be the 2-parameter 
group u>s,t = y^TgCTt. The following operators 

'i>4>r,-^ C L'^{A,<i)r) C L'^{A,(I>) 

taking a to K{a), /t(a)* and K{a*) are densely defined and preclosed. Denoting 
the closures of the first operator by K, the closures of the second and third are 
SK and KSr, respectively. We have the following polar decompositions: 

u+iSK = YAl'^, 

v-iKSr^YA-^''^, 
u-iK = JYTl'^Al'^ 

Furthermore, 

{KSrT = y''^{SK)-^, 
{SK)* = v-'/'^{KSr)-^. 

3^/2 1/2 1/2 

Proof. It follows from the previous discussion that A^ , Ar and are 
bijective, densely defined, positive and essentially selfadjoint on the indicated 
domains. In fact they are connected with 1-parameter subgroups of ujs,f Since 
Y is antiunitary, it is clear that SK and KSr are bijections between the indi- 
cated domains. The polar decomposition of SK and KSr on 3^,^ , now follows 
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from the data of the locally compact quantum group. Furthermore SK and 
KSr form part of an essentially selfadjoint pair in the sense explained in the 
appendix. As S and Sr also form part of an essentially self-adjoint pair, it 
follows from Lemma A. 2 that the operators in question can be denoted by K, 
SK and KSr- On the indicated domain one has: 

K = S{SK) = lyijT'/^YAl/^ = u^JYVy^Ay^. 

Since ®<^,w is *-invariant and cJz-invariant, z G C, one deduces, looking at the 
polar decomposition of S, that J acts bijectively on CB^,,^ too, and therefore K 
is a bijection from 'B^.^^ to I^^^.^ as well. It remains to show that (KSr)* = 
p'/'^{SK)-^ and (SK)* = v-^/^{KSry^. We prove the latter relation, as the 
former follows by taking inverses and adjoints. The polar decompositions show 
that I{uj)f\yi^ is a core for both {KSr)* and v'^/'^{SK)~^ . But the two operators 
coincide on the core, completing the proof. 

5.6 Corollary K is a closed intertwiner from Vr to V, 

VI®K = I®KVr. 

In particular, if U := i/^JY : L'^{A,4>r) — >■ L'^{A,(j)) denotes the polar part of 
K, 

I®UVr=VI® U. 

Thus Vr is a corepresentation ofV. Moreover 

V{SK (E)S) = {SK (g) S)W, 

where W is the unitary on L'^{A, (j>r) (S) L'^{A, (j)) defined by Wa (g) 6 = 5{h)a ig) /. 
In particular, taking the polar decomposition of {SK <Si S)* , 

FAV2 ^ p-i/2 ^ ^1/2 ^ Y-^/^V, 
VY J = Y (E) JW. 

Proof. We identify K* on a suitable *-invariant core S of jointly analytic 
vectors for a and r contained in Jsf^ (see Lemma 5.4). The polar decomposition 
of K described in the previous Theorem shows that a subset "B C A C L'^{A,(j)) 
satisfies these properties if R{'B)* = Y*'B is a core for K in L'^{A, <pr) satisfying 
similar properties. Consider the right invariant weight (j)r = <j)oR, with modular 
group X ^ al{x) = Ra-t{R{x)). For a e B, 6 e 

{a,K{h)) = (j){a*K{b)) = v'''^(j)r{hK{a)*) = 
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thus, for a G ®, K*{a) = z/~'/^crI^^(K;(a)). We need to show the following 
relations 

VI^K<I^KVr, (5.4) 

Vrl^K* <I^ K*V. (5.5) 

We start from (5.4). We claim that it suffices to prove that, for h e -R(®)*, 
e S, a, c e N^, 

(Va ® k(&), c (g) d) = [Vrtt ®b,c® K*d). (5.6) 

Indeed, the algebraic tensor product J^^ S is a core for / (g) K* , so equation 
(5.6) shows that K-JI^ i?('B)* Hes in the domain of (/ K*)* = I ®K and 
for a; e ^0 © i?(S)*, / /sn^-a; = VI® Kx. On the other hand Ji^ iiCB)* is 
a core for I ® K, so the claim follows. We compute the left hand side of (5.6). 

(t> (l){a* K{b)*5{d)c /) = (t){a*L ^(/ K{b)*5{d))c) = 

<i){a*K{i (i){5{K{h)*)1 d))c) = (A(a*(. o «;-^(/ «;((i)'!? o 6{h*))c) = 
v-'''^(l){a* i®(t)r{I®K{d)^o5{h*))c) = i/-*/20(a%0^^(t?o(5(6*)J0cr!:,(«;(d)))c) = 

v^''/^4>® 4)r{a* ® I'd o 5{b*)c® aLi{hi{d)) = (Vra (g) b,c (g) K*d). 
Arguing in a similar way, we see that (5.5) will be a consequence of 

(ya0 6,c0K(rf)) = {Vraigi K*{b),c(Sid), (5.7) 

for a, c e K^, b€'B, de Ri^B)* . The r.h.s. equals 

v^/'^cj) ^r-(a* /i? o 5 o cr[ o K~^{b*))c d) 

while the l.h.s. equals 

4> </)(a* b*6{K{d))c /), 
therefore it suffices to show that 

L(^(p{I(^ b*6{K{d))) = v'l'^i (?i^(i? o (5 o ct[ o «;-i(6*)/ rf). 
Using successively 

r —1 -1 
CT^ O K = K O CT^i, 

1? O ^ O = O S 
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and 

we see that the r.h.s. of the previous relation equals 

K~^L (g) (g) K{d)S{a^i{b*))) 

which in turn equals 

i(8)(/)((5(K(d))/(g)cr_^(6*)) 

and the proof of (5.7) is completed by the KMS property of (p. 

We briefly sketch the second part of the proof. We need to show the two 
relations 

VSK (E) S < SK SW, 
W(SK)* (E)S* < {SK)* ® S*V 
which will follow respectively from 

(a (g) b, VSK ®Sc(g)d) = {Wc ® d, {SK)* ® S*a ® b), 

for a,b,de'B,c<E R{'&)* , 

(a ® b, W{SK)* ® S*c ® rf) = {Vc (gid,SK(ESa® b) 

for 6, c, d e 25, a E R{'B)* . These equations can be obtained, in turn, by 
computations similar to those of the first part of the proof. 

From the general structure of the quantum groups under consideration, it 
follows that the dual Hopf algebra is equipped with the same structure as A 
[Q. We have already noted that the coinverse k' of Amn^iV) serves to define 
the adjoint on A and consequently that k' is uniquely determined by k via 
K'{uj){a) ~ Lu{K{a)), uj E M(V^)*, a E A, where A is being considered as a dense 
subspace of M{V). Taking the square of k' , which coincides with the square 
of the analytic generator of r', it follows that the coinverse data R' and r' of 
Amax{y) are determined by those of A and similar formulas hold. In particular, 
k'(lo)* — uj. We may thus write 

UJ = K'ico)* = t',/2{R'{uj)*), uj E M{V),. 

In fact, t' i/2 is spatially implemented in the regular representation. 

5.7 Proposition Let t' he the scaling group of yimax(^) as defined above. 

Then for uj E ©r'^/s, ^' e Dy-i/2 and j]' E I'ri/2 
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Proof. It follows from Corollary 5.6 that 
Hence 

= j®r*y/(g)r-**, 

Recalling that 7ry(a;) = w <8) i{V) and that r/ is the transpose of Tt, we deduce 
that 

7ry(T;H) = r*7ry(t^)r-**, e M{V),. 

Now with cij, ^' and rj' as in the statement of the proposition, we have functions 
z 1-^ T^v {T'ziijj}'']') and z i-^ (F^*^^', 7rv(a;)r~*^77'), analytic in the strip < 
92; < 5. Their boundary values agree on the real line and taking the boundary 
values at 2; = |, we get the required result. 

Now j' := i?' o * is a conjugation defined on yimax(l^) and satisfies S o j' = 
j' ®j' 06 oS. Thus we know from Section 4 that j' defines a conjugation on the 
tensor category of representations of ^max- 

5.8 Corollary A conjugate for V in the conjugation defined by j' is a conjugate 
for V in the sense of Equation (5.1 ). The converse holds if T in (5.1 ) has the 
form T — jr^/^ with J antiunitary. 

Proof. Let J be an antiunitary operator then ui JTTv{j'co)J~^ , uj G M(F)*, 
defines a representation of ^max(V^) and a conjugate y of ^ in the conjugation 
defined by j' with 

W O = jTVv{j'uj)J~'^. 

Now let T := jrV2 and pick rj' e Dt and ^ e Dt*, i.e. r]', JC e 2)ri/2, then 

(e CWv ® Tr,') = (C', Lo^,, ® l{V)Tv') = 

{nv{j'u,^,r,)r'/'v',r-y'Tr). 

Now j'co^,n S 25ri/2) in fact Ti/2i'w{,,, = wj,,, = i^n,$- Hence, by Proposition 5.7, 

{-KvMn',T*£,'). 

We conclude that 



® Vt) Tt)') = {V^ r? ® T*^'), 
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so that F is a conjugate for V in the sense of (5.1), as required. The converse 
follows by reversing the argument. 

Notice that, since A^^^T^^^^ is a sclf-intcrtwincr of V, the result remains 
valid if we take T to be of the form T = JA^/^ with J antiunitary. We could 
replace V by a corcprcscntation W in the above argument if we knew that the 
automorphism group Tj were unitarily implemented in the representation irw 

We now show, in analogy with the classical case, that the right regular 
corepresentation is a canonical choice of conjugate for the left regular one. We 
therefore look for a unitary corepresentation V and an antiunitary operator J 
such that 

for J*e',r?'GDAV2,^,r/ei2(A<^). 

5.9 Theorem The pair V = Vr,T = Y*A'^/'^ = A^ V* solves the conjugate 
equation (5.1 ) for the regular corepresentation Vand shows that Vr is a conjugate 
for V in the conjugation defined by j' . 

Proof. In view of the previous discussion, it suffices to verify the above equation 
and we begin by computing the l.h.s. L making the change of variable ^ := 
YAr^^C and using Theorem 5.5. 

i = ® A;^/^Y*i VrV ® Ay^y*^') = ^ {KSr)*i, VrV ® {KSr)-W) = 

We choose ^, rj' belonging to a suitable common core of the indicated operators 
contained in and write {SK)-'^i = «;(|)*, {KSr)~'^r]' = K{r]'*). Then, 
recalling the definition of V^, we have 

L = Z/-*/2(^ Kiiy,VrV k{7j'*)) = V-'l''^ ® MC ^ nii)e6iK{7j'*))7J ® I), 

where the inner product refers to L'^{A, cf)) ® L'^{A, (j)r ). Thus 

Since (pr ° n = and k{i. (g) 0((5(?7 *)/ (g ^)) = <■ (8) </>(/ rj *S{£,)), we have 

L = (l){eK{i ^ 0((5(r/'*)/ «) i))r}) = (l>{C^ ® HI ® v'*S{i))v) = 

= (8) r?', O I) = {V^^r]',r](^i), 
completing the proof. 



5 CONJUGATION FOR LOCALLY COMPACT QUANTUM GROUPS 40 



We have seen above that we have a conjugation j' := R' o * defined on 
•Amax(l^) and satisfying S o j' = j' ^j'oOoS, and we may, as described earlier, 
define a conjugation on its tensor category of representations. We state this as 
a theorem. 

5.10 Theorem Pick for each object H in the image of the triviahzing end- 
ofunctor l on G{V) an antiunitary operator Jh . H ~^ H . Let ttw be the 
representation of Ania,x{V) on H corresponding to aW ^ Let W denote 

the corepresentation ofV defined by the representation A i— > JH'!^w{j'{A))J]j^ 
ofAme^iV). Set 

Jw ■= Jt{W), 

whence 

Kw) = l{W). 

Given T e (W, W), we set T := JwTJw''^ € {W,W). Then T e {W, W) ^ 
T G {W, W ) is an antihnear functorial equivalence. We get a semiUnear tensor 
W* -category with conjugation with natural unitary equivalences 

dw ■= Jw° "^M^' 

cw,w' ■= Jwxw ° {Jw X Jw')*, 

where Jw x Jw '■= S{H, h') o Jw ® Jw'- 

Now that we have equipped the category of unitary corepresentations of a 
multiplicative unitary with a conjugation, it follows from Proposition 4.3 that 
the conjugate of a left regular object is a right regular object of the same cate- 
gory 

On the other hand, we also see from Theorem 5.10 that the tensor W*- 
catcgory of finite-dimensional representations of a compact quantum group ad- 
mits two canonical conjugations, which are in general quite distinct. The one 
coming from Theorem 5.10 is embedded in a semilinear tensor VF*-category 
of Hilbcrt spaces and is related to the antilincar involution j' which commiites 
with the adjoint. The other cannot bo embedded unless the intrinsic dimen- 
sions are integral (Corollary 4.2) and is related to the antilinear involution * o k' 
which does not commute with the adjoint in general. In the case of SUq{2), 
it is clear that the conjugation on objects is the same in both cases since the 
fusion rules imply that each irreducible is self conjugate. We shall show that 
this holds for all compact quantum groups. Now * o k' = t.^^ ° .f = ° '''-i/2' 
the relation between the two conjugations should be describable in terms of r'. 
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To this end, we consider the category of finite-dimensional unitary representa- 
tions of the compact quantum group. As is well known, there is an associated 
Hopf-von Neumann algebra. Its elements are most conveniently described as 
bounded natural transformations of the embedding functor F into the under- 
lying Hilbert spaces. Now we have identified a natural transformation p ^ fp 
prior to Theorem 4.1. In general / is not an element of the Hopf-von Neumann 
algebra {F, F) since the natural transformation is not bounded in general. Nev- 
ertheless, its bounded functions such as p ^ will be elements of {F, F) and 
these induce the inner automorphisms t/ of (F, F) . It follows that / itself in- 
duces rij. The relation between the two conjugations is now described in the 
following proposition. 

5.11 Proposition Adjoin to the tensor W*-catcgory of finite dimensional 
representations of a compact quantum group two sets of antilinear intertwiners: 
X G {p,<j)k defined by 

Xp{*oK'{A)) = a{A)X, X e 2).o«, 

and Y e (p, a)j defined by 

Yp{j'{A))=a{A)Y, Ag{F,F). 

Then wc obtain two conjugations and Tj. The second has the induced * 
structure, whilst the first has the * structure T" described in Theorem 4.1 b). 
There is an isomorphism of tensor categories which is the identity on linear 

]^ /2 1/2 

arrows and takes X G (p, cr)^ into Xfp = fj X. This isomorphism does 
not commute with the adjoint in general. 

Proof. Tj is the conjugation defined by / and has the induced *-structure. 
To see that is the conjugation T" described in Theorem 4.1 b), it suffices to 

show that the invertiblc antilinear operators Tp, introduced in connection with 
Theorem 4.1 are in (p, p)^. Now this has already been noted after (5.3). A 

— 1/2 

computation shows that X G (p, a)^ if and only if Xfp G (p, a)j, so we will 

]^ /2 1 /2 

have the desired isomorphism once we show that Xfp = fj X. However 
T;Tp = fp and T-i*T-i = fp. Hence fpTp = T-'* = T,/-\ so fpTp = Tpfp-' 
as required. From this we deduce that if X G (tt, p)^, then TpO X G (7r,p) so 

TpXf-'=f^'TpX = TpfpX, 

leading to the desired result. 

We see, therefore, that for compact quantum groups the conjugations T„ and 
Tj although corresponding to different notions of antilinear intertwiner lead to 
the same notions of conjugate object. 



5 CONJUGATION FOR LOCALLY COMPACT QUANTUM GROUPS 42 



We conclude this section asking, in view of Theorem 2.3 and Proposition 
4.3, whether there is a relationship between conjugation and standard braided 
symmetries for 7. Assume that T admits a conjugation J assigning to a left 
regular object V a conjugate V equivalent to V itself. By Proposition 4.3 V is a 
right regular object, so F is a right regular object of T as well. Explicitly, if J7 G 
{V,V) is a unitary and r]^ e {R^ ,R^i) is the natural unitary transformation 
derived from J as in the proof of Proposition 4.3, then 

VW ■■= ^o{W) O TJ^^ olw xU* = 

l,^w) xUoJyX J,(w)~^ ° ° -^w X Jv~^ olw xU* 

makes V into a right regular object. To have a standard braided symmetry we 
further need the commutation relation d') of Lemma 2.4 

VV X olv X = 'i-V X orjv X 

which expresses a precise relationship between the antilinear conjugation arrows 
Jv, Ju(v)^ the unitary intertwiner U G {V ,V) and ^v- We next interpret this 
relation from the viewpoint of the Banach Hopf algebra associated to V. 

5.12 Proposition Let 7 be a tensor C* -category with a left regular object 
V and conjugation as described in Proposition 4.3. Assume furthermore that 
there is a unitary U e {V,V) such that UJv'A.{V*){UJv)~^ andA{V) commute. 
Then 7 has a standard braided symmetry. 

Proof Let as usual A{X) and A{X) stand for the Banach spaces derived from a 
unitary operator X on a tensor product Hilbert space compressing its first and 
the second component respectively. First note that, V and V being unitarily 
equivalent, A{V) = A{V), so 

A{ri^y) = JvA(V*)Jv~^ = JvA{V*)Jv~\ 

therefore 

A{r]v) = UA{rfy)U* = U JvA{V*){U Jv)~'^ ■ 

Recall now that d') of Lemma 2.4 is equivalent to requiring that A{'qv) and 
A{y) commute. 

In the case where J is a conjugation taking F to a conjugate V solving the 
conjugate equation, we have already noted that Aiy) = A{V*), therefore one 
is reduced to requiring that 

ujvA{y){uJvr'^ cA{vy. 
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We now show that for locaUy compact quantum groups there are canonical 
choices of U and Jy for which the above commutation relation holds. Indeed in 
this case a solution of the conjugate equation for the regular corepresentation 
is given by Jy — Y* and V = Vr (Theorem 5.9). Furthermore the polar 
part U ~ JY of i^T is a unitary intertwiner in {V, V) (Corollary 5.6), therefore 
UJv — J in the polar part of the Tomita operator on L'^{A, (p), which takes, via 
its adjoint action, A{V) = A into its commutant. We can thus conclude that 
the corepresentation category of V has a standard braided symmetry. Making 
use of the previous observation, we compute explicitly the associated natural 
unitary transformation rj making V into a right regular object. First we have 
that 

?7y = Jy X Jt(y)*'?y'^V X Jv* = 

iSh.kY* (g) YVr*Y ® Y*dK,H = ^h.kW*^k,h 

where H = L'^{A, </»,.) and W is the operator defined in Corollary 5.6. The last 
equality follows from the commutation relations between V, Vr and W obtained 
in that corollary. We next have that rj is determined by 

W = ic{V) X U orj^ olv X U* = 

I®UdH,KW*dK,Hl®U* 

where U is the polar part of K. This equation may be understood as a cate- 
gorical interpretation in terms of the conjugation structure in QiV) of the usual 
way of getting standard braided symmetries for quantum groups described in 
Proposition 2.11. (Unitaries of the form of rjv had previously appeared in Q 
in the context of irreducible multiplicative unitaries). We have thus shown the 
following result. 

5.13 Proposition Let {A, S, R, r, </>) be a locally compact quantum group, and 
let us endow C{V) with a conjugation as described in Theorem 5.10 and let V 
be the usual multiplicative unitary associated to it. Then there is an associated 
standard braided symmetry e on Q{V) whose evaluation in V is given by 

ev^VU X IW*U* X H, 

where W is the unitary on L^(yi, 0^) ® L^{A, (p) defined in Corollary 5.6. 

6 Appendix. Essentially self— adjoint pairs 

The basic difficulty in defining conjugation in the context of quantum groups or 
multiplicative unitaries is that one starts from an antilinear involution which is 
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not, in general, a conjugation on a C*-algebra in that it may not commute with 
the adjoint and may only be densely defined and unbounded. In the theory of 
Woronowicz jl^ this involution defines the contragredient representation 
and he shows how to pass to the conjugate representation in the context of 
compact quantum groups. This involves a variant of modular theory and, to 
prepare for this, we begin with a simple result on densely defined semilinear 
bijections, where semilinear is understood to mean linear or antilincar. If s is 
a densely defined semilinear mapping between Hilbert spaces 5{ and OC and / 
a densely defined semilinear mapping from 3C to IK then we call the pair s, / 
Hermitian, essentially self-adjoint or selfadjoint if the matrix 

/ 
s 

defines a semilinear mapping on IK © 3C with the corresponding property. 
A.l Lemma Let s, f be an essentially selfadjoint pair of semilinear bijections 
between dense subspaces of Hilbert spaces "K and X. Let s and f denote the 
semilinear involutions given by the matrices 

'o)' (r^ 

Then s C /*. The eigenspaces of s and f corresponding to the eigenvalue ±1 
consist of vectors of the form 



for h € Ds and h' G ID/-i- Let the closure of these eigenspaces be denoted Af| 
and mI then mI 
decomposition by 



and m£ then Mj_ = AI^^ . Writing S for the closure of s and denoting its polar 



S and J are involutions, JA^^'^ — A^^I'^J and J(iV/|.) = M^. Furthermore 
S* = F, the closure of f. 

Proof s and / are obviously involutions with eigenspaces as stated and / C s* . 
The closures of these eigenspaces are obviously the eigenspaces of the closures 
S and F. The eigenspaces of the involution S* are then Mt:^ and A/^-'-. But 
S* = F since the pair s, / is essentially selfadjoint so m£ = M^^. Finally, 
since SJ — JS and this and the remaining assertions just follow 
from the fact that 5 is a closed densely defined involution. 

The formalism here is best known in the antilinear case, through modular 
theory. In this case, it is usual to formulate the result on the eigensubspaces 
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by saying that is a standard subspace and Mjf is its symplectic comple- 
ment. The above formulation brings out the similarities between the linear and 
antilinear case. We draw the obvious conclusions about the original operators 
thus 

Finally, letting JA^/^ be the polar decomposition of S, 

To generalize the above version of modular theory so as to treat compositions 
of mappings, we let V be a subcategory of the category of vector spaces with 
linear (or antilinear) maps, and pick, for each object V of V, an object V of V 
such that V and V are vector spaces in duality, via a bilinear or sesquilinear 
form. Let s G (^1,^2) be an arrow endowed with a transposed arrow f = s' G 
{V2',Vi') with respect to the duality. For example, if s is linear, / is the linear 
map defined by 

While, if s is antilinear, / is the antilinear map defined by 



{k2',sh) = {fk2'M), fci G Vuk2' G V2'. 

This would seem to be a natural notion to study in the theory of dual spaces. 
In the present context we need a more restrictive notion, replacing vector spaces 
by (positive-definite) scalar product spaces and requiring the duality to make 

the scalar product space V a dense subspace of the completion of V . A pair of 
the form (,s, /) will in this case be called an Hcrmitian pair of V. A particular 
instance of this situation would be to fix a set of Hilbert spaces, each Hilbert 
space H having two distinguished dense subspaces and , say, and take 
an arrow in the category to be a linear (or just semilinear) mapping from some 
HI into some i?! whose adjoint is defined on hI and maps it into il/. 

A. 2 Lemma Let SCP" be tie category of scalar product spaces with semilinear 
mappings. Tlien for each hermitian pair (s, /) of SCP", we let s and f denote the 
closure of s and f, respectively. If s's defines an essentially self-adjoint pair, 
then s's is the closure of s's, and ff the closure of f /'. 

Proof. Let h G Dj, sh G and k in the domain of /', then 
{k,7sh) = {f'k,sh) = {ffk,h), 
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since f C s'* , f C s* . Hence s's C s's C {f f')* = s's since s's and //' is an 
essentially self-adjoint pair, completing the proof. 

An instructive example of the situation of Lemma A.l is got by considering 
a von Neumann algebra M with cyclic and separating vector fl. Then M and 
M' arc in (scsquilincar) duality via (M'O, Mil). Wc may now take 6 to be the 
category of semilinear mappings between M and M' with dual. For example if k 
is a linear mapping from M to M then k has a dual if there is a linear mapping 
k' from M' to M' such that 

{K'{M')n, Mn) = {M'n, k{m)q), m g m , m' e m', 

and a linear mapping A from M to M' has a dual if there is a linear mapping A' 
from M to M' such that 

(A'(M)f2, Nfl) = {Mfl, X{N)n), M,NeM. 

The adjoint on M has, of course, as its dual the adjoint on M'. The modular 
conjugation j from M to M' is self dual. The adjoint of the modular automor- 
phism at of M is the modular automorphism a'^ of M'. In each case, we get an 
essentially self-adjoint pair. 

In the above example, our scalar product spaces are actually left Hilbert 
algebras and in this case it is interesting to note what happens when the map- 
pings are multiplicative and bijcctive (without necessarily commiiting with the 
adjoint). The basic information is presented in the form of a lemma without 
proof. 

A. 3 Lemma Let s, f be an Hermitian pair of semilinear multiplicative bijec- 
tions of left Hilbert algebras A and A' then for the associated closed operators 
S and F we have 

Sa = s{a)S, S* a = (a) S* , a <E A, 

Fa' = f{a')F, F*a' = r{a')F*, a' € A', 

where s*{a) = s-^(a*)*, f*{a') = /"^(a*)*. 

Among the many variations of the above example, we can, in the above 
choose a faithful scmifinite normal weight (f> on M with associated left ideal 

and let denote the weakly dense * subalgebra of M consisting of entire 
elements B for the modular automorphism group a"^ such that crf{B) e Jsf^flN^ 
for all z €C. Let 3^, be the corresponding subalgebra of M' defined using the 
weight (f)' := <poj~^ and consider the duality between 3^ and 3^,. 
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We are led to a simple example of the situation in Lemma A. 2. Consider 
the situation of Lemma 5.4. We let G^^^ be the set of semilinear mappings of 
2^0,1^ whose adjoint is defined on S^.i^ and maps it into itself. Elements of G^^i^ 
include the restrictions of the ujz, z € <C as well as the restriction of S,/,. Taking 
the closures, we recover the uj^ and S^. 

We give a rather more complicated example involving two objects 230^^^^ and 
■^0 w motivated by Theorem 5.5. 

A. 4 Lemma Let be a lower semicontinuous densely deGned weight on a 
C* -algebra A equipped with a conjugation j. Let oj : M" Aut(yi) be a 
pointwise norm continuous (f)-invariant automorphism group of A and suppose 
that jwRrij = WRri. Lct (f) (p o j then jCB^^^) = 23^^. JVow let G denote the 
category of semilinear mappings between the two objects CB^^^^ and ^ whose 
adjoints restrict to a mapping in the other direction. Then G contains C^.tj and 
G-^^ as categories in a natural way and the map B h-^ j{B), B e '^cii,u is an 
antilinear bijection. 

Proof. We have jC^^) = ^Nf^ and since j normalizes ojr-i, — uj- The 

remaining statements are now obvious. 

Theorem 5.5 corresponds to taking for the left Haar weight on a locally 
compact quantum group and a conjugation j = Ro* . 
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